Abstract. In this paper, some sufficient conditions for rings and modules to satisfy the monomial conjecture are given. A characterization of CohenMacaulay canonical modules is presented.
Introduction
Throughout this paper, (R, m) is a Noetherian local ring with dim R = d and M a finitely generated R−module with dim M = d . The monomial conjecture of Hochster [H1] asserts that for any given system of parameters (s.o.p. for short) x = (x 1 , . . . , x d ) of R,
d )R for all t > 0. The Monomial Conjecture (MC) has been proved for the equicharacteristic case; cf. [C, Proposition 3] . In the mixed and the positive characteristic cases, (MC) and the Direct Summand Conjecture are equivalent to the Canonical Element Conjecture [H2] . Therefore (MC) makes a central role in the study of these important homological conjectures. (MC) has also been proved when dim R 2 (cf. [H1] ), and when R is a Buchsbaum ring; cf. [Go, Corollary 4.8] . By using the theory of modules of generalized fractions, proved some results related to (MC) for rings of dimension d under the assumption that (MC) is valid for rings of dimension d − 1. There is also a reduction of (MC) given by Strooker-Stückrad [SS] : (MC) is valid for all local rings if and only if for any complete intersection ring A and any ideal a of A consisting of zero divisors, Ann A a is not contained in any parameter ideal of A. Recently, Dutta [D] gave some nice sufficient conditions for (MC).
(MC) has also been raised for modules: An s.o.p. [H1] showed that in general (MC) does not hold for every s.o.p. of M , but it holds for high powers of s.o.p., i.e. there exists for each s.o.p.
Then Cuong-Hoa-Loan [CHL, Th. 3.3] proved that there always exists an integer n d ) satisfies (MC) when n > n x (cf. Corollaries 2.4 and 2.6). Then we prove that Theorem 1.6 of Dutta [D] can be extended from rings to modules (Corollary 2.5). In Section 3, we study a stronger kind of uniform bound which is called a strong uniform bound for (MC): An integer c > 0 is called a strong uniform
of M and all n ≥ c. In the last section, we characterize Cohen-Macaulay canonical modules (Theorem 4.2). As a consequence, we give a sufficient condition for a ring to satisfy (MC), and again we get theorems of Schenzel [Sc, Theorem 4.3, Theorem 4.6(iii) ] by elementary proofs.
A sufficient condition for the Monomial Conjecture
In this section we give a sufficient condition such that (MC) is satisfied. We first need the notion of a strict f-sequence introduced in [CMN] . For each Artinian module A, we denote by Att A the set of all attached primes of A; see [Mac] .
is a strict f-sequence of M in any order. It was proved in [CMN] that for each integer k > 0, there always exists a strict f-sequence of M of length k. Moreover, if x is a strict f-element of M , then 0 : M x is of finite length. So, each strict f-sequence of M containing at most d elements is part of an s.o.p. of M. Note that strict f-sequences have been used (cf. [CMN] ) to study the finiteness for attached primes of local cohomology modules, to study the polynomial property of the length of generalized fractions defined in [SH] , and to characterize the pseudo-generalized Cohen-Macaulay modules defined in [CN] . 
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There exists by [K, Theorem 124] 
and y 1 is a permutable strict f-element of M. Let 1 < k d and assume that the claim is true for k − 1. Set
It follows by the proof of [CMN, 4.2] that (y 1 , . . . , y k ) is a permutable strict f-sequence of M . By the induction hypothesis we have
and the claim is proved. By the claim, there exists a permutable strict f-sequence
This homomorphism is independent of the choice of the matrix B, and it is called the determinantal map (cf. [St, 5.1.14] ). By [CHL, 3. 
Now we need to recall some knowledge of the theory of modules of generalized fractions [SZ1] . In this theory, for a given positive integer k, the so-called triangular subsets of R k play a similar role as multiplicatively closed subsets of R do in the usual theory of localization of modules. Given a triangular subset U of R k , Sharp and Zakeri constructed an R−module U −k M , and they called it the module of generalized fractions of M with respect to U. In particular, the set
From now on, we use the following notations from [SH] 
Theorem 2.3. Assume that
Proof. Without loss of generality, we may assume that depth M > 0. By [SH, Proposition 2 .2] we have the exact sequence
Then the above exact sequence implies the following exact sequence:
Continuing this process we get
. Since x is an f-sequence of M, we get by the hypothesis that
Note that the number n x in Theorem 2.3 does not depend on 
where
Note that in general, (MC) is not valid for M when dim M = 2, but it is always valid for the rings of dimension 2. Therefore, to consider (MC) only for rings, we have the following statement which is stronger than that of Corollary 2.4.
Proof. We have as in the proof of Theorem 2.3 that
Remark. The number n * x in Corollary 2.6 does not depend on (x 1 , . . . , x d ) of M and all integers n 1 , . . . , n d ≥ c; cf. [CHL, Theorem 3.3] . This number c is called a uniform bound for (MC) of M. In this section, we study a stronger kind of the uniform bound as follows. 
. It is known that in general I(x(n); M ) and J(x(n); M ), considered as functions in n 1 , . . . , n d , are not polynomials when n 1 , . . . , n d 0, but they always take non-negative values and are bounded above by polynomials. In particular, the least degree of all polynomials in n bounding above the function I(x(n); M ) (resp. J(x(n); M )) does not depend on the choice of x (cf. [C] , [CM] ). This least degree is denoted by p(M ) (resp. pf (M )). Following N. T. Cuong [C] 
The following fact has been proved in [CN, Corollary 3.5] .
Lemma 3.3. If pf (M ) 0, then M has a strong uniform bound for (MC).
In the case pf (M ) > 0, we have the following result. Remark. It would be of interest to prove a weaker statement of Monomial Conjecture: Every local ring has a strong uniform bound for (MC).
A characterization of Cohen-Macaulay canonical modules
The notion of Cohen-Macaulay canonical modules was introduced by P. Schenzel [Sc] as follows. Hence (MC) is valid for R and for R.
The following result has been proved by Schenzel [Sc, Theorem 4.3] by using some knowledge on spectral sequences. Here we use strict f-sequences to give an elementary proof. 
